We explicitly construct SL(2, C) Yang-Mills three and four instanton sheaves on CP 3 . These results extend the previous construction of Yang-Mills instanton sheaves with topological charge two [18] . * Electronic address:
charges k can be approximated by computing holonomy of k-instanton on R 4 along lines parallel to the Euclidean time direction [21] . In constrast to the Skymion fields construction, for our purpose in this paper instead, our motivation is to use these SU(2) ADHM instanton data to construct SL(2, C) instanton sheaves on CP 3 with higher topological charges. Surprisingly, we will see that there do exist instanton sheaf structures on these symmetric four instanton solutions. It is thus an interesting issue to understand the relationship between YM symmetric instantons [19, 22, 23] on S 4 and YM instanton sheaves on CP 3 constructed in this paper.
This paper is organized as following. In section II, we review the biquaternion construction of SL(2, C) YM instanton which was developed recently by the present authors [14] .
We also introduce the complex ADHM equations [24] and the monad construction which will be used in the follow-up sections. In section III, we discuss in details the construction of a class of SL(2, C) YM three instanton sheaves. The construction was extended to the SL(2, C) YM four instanton sheaves by using a class of SU(2) symmetric four instanton solutions in section IV. A brief conclusion was given in section V.
II. BIQUATERNIONS AND SL(2, C) YANG-MILLS INSTANTON CONSTRUC-TION
We first briefly review the SL(2, C) YM theory. There are two linearly independent choices of SL(2, C) group metric [25] where I is the 3 × 3 unit matrix. In general, one can choose
where θ is a real constant. It can be shown that SL(2, C) is isomorphic to S 3 × R 3 , and one can calculate its third homotopy group [17] 
where I is the identity group, and Z is the integer group.
Wu and Yang [25] have shown that complex SU(2) gauge fields are related to the real SL(2, C) gauge fields. Starting from SU(2) complex gauge field formalism, one can write down the SL(2, C) YM equations. For the complex gauge field 
The SL(2, C) YM equation can then be written as
and the SL(2, C) SDYM equations are
YM equation for the choice θ = 0 in this paper can be derived from the following Lagrangian
We now proceed to review the construction of SL(2, C) YM instantons [14, 17] . We will use the convention µ = 0, 1, 2, 3 and ǫ 0123 = 1 for 4D Euclidean space. In contrast to the quaternion in the Sp(1) (= SU(2)) ADHM construction, the authors of [14] used biquaternion to construct SL(2, C) YM instantons. A quaternion x can be written as x = x µ e µ , x µ ∈ R, e 0 = 1, e 1 = i, e 2 = j, e 3 = k (2.10)
where e 1 , e 2 and e 3 anticommute and obey e i · e j = −e j · e i = ǫ ijk e k ; i, j, k = 1, 2, 3, (2.11)
The conjugate quaternion is defined to be
so that the norm square of a quaternion is
(2.14)
Occasionaly the unit quaternions can be expressed as Pauli matrices
A biquaternion (or complex-quaternion) z can be written as
where x and y are quaternions and i = √ −1. In the recent construction of SL(2, C) YM instantons [14] , the biconjugation [26] of z is defined to be 18) in contrast to the complex conjugation
The norm square of a biquaternion is defined to be 20) which is a complex number in general and a subscript c is used in the norm.
We now briefly review how to extend the quaternion construction of ADHM SU(2) instantons to the SL(2, C) YM instantons. The first step was to introduce the (k + 1) × k biquaternion matrix
which satisfies the quadratic condition 
Finally one can calculate the gauge fields 24) which is a 1 × 1 biquaternion.
In the canonical form of the construction, one can set
where λ and y are biquaternion matrices with orders 1 × k and k × k respectively, and y is symmetric y = y T . One can show that in the canonical form the constraints for the moduli parameters become [14] A ⊛ ci A cj = 0, i = j, and
The total number of moduli parameters for k-instanton is 16k − 6. Note that for the SU (2) instantons, λ and y are the usual quaternion matrices.
There was another approach to solve SL(2, C) YM instantons through the complex ADHM equations [24] [ 
to recover the real ADHM equations into the explicit matrix representation (EMR). For the k-instanton case, the EMR of the (k + 1) × k biquaternion matrix A in Eq.(2.25) can be written as a 2(k + 1) × 2k complex matrix A E . The next step is to use the following rearrangement rule for an element z ij in
to obtain A r E . Finally one can then do the following identification for the complex ADHM data
Similar procedure can be perform on A ⊛ . With these identifications, one can show that the SL(2, C) YM instantons constructed previously in [18] (2) ADHM instantons, the map β is surjective and the map α is injective and dim(Ker β/ Im α) = k + 2 − k = 2 on every points of CP 3 , thus one can use the holomorphic vector bundles of rank 2 to describe SU (2) instantons.
For the case of SL(2, C) instantons, we will show that for some general k-instantons α may not be injective at some points of CP 3 for some ADHM data, so the dimension of the vector space (Ker β/ Im α) may vary from point to point on CP 3 , and one is led to use sheaf description for these SL(2, C) YM instantons or "instanton sheaves" on CP 3 [15] .
In a recent publication, some SL(2, C) 2-instanton sheaves were constructed in [18] . In the following sections, we will calculate a class of Yang-Mills SL(2, C) k-instanton sheaves with k = 3 and k = 4.
III. THE SL(2, C) THREE INSTANTON SHEAVES
There existed complete construction of the SU(2) k-instanton solutions for k ≤ 3 in the literature. For the higher instanton solutions, there were the so-called SU(2) ADHM symmetric 4-instanton [19] and 7-instanton [23] solutions. The motivation to explicitly calculate these ADHM symmetric higher instanton solutions was to construct the approximate minimum energy skyrmion fields in the Skyrme model of low energy hadronic physics. Our motivation in this paper is to use these SU(2) ADHM data to construct SL(2, C) instanton sheaves with higher topological charges.
We begin with a SU(2) 3-instanton solution proposed in [22] 
0 e 3 e 2 e 3 0 e 1 e 2 e 1 0
which was tetrahedrally symmetric and was used to calculate the approximate 3-Skyrme field. There was a two parameter generalization of the ADHM data A in Eq.(3.34) . For our purpose here, we drop out the symmetric constraints and propose
One can easily calculate
Thus A 3 proposed in Eq.(3.35) satisfies the constraints in Eq.(2.26) for arbitrary a, b and c ∈ C for the SL(2, C) case, and represents a class of ADHM data. Note that for a, b and c ∈ R, A 3 represents a class of SU(2) 3-instanton solutions.
We are now ready to check whether there exists instanton sheaf structure for these 3-instanton solutions. We first calculate A 3E , the EMR of A 3 , and then do the rearrangement rule to obtain A r 3E [18] and finally identify the corresponding ADHM data (B lm , I m, J m ) to be
38)
The next step is to check the costability conditions [15] . Since it was shown that [18] for the SL(2, C) 2-instanton solutions constructed in [14] by the biquaternion method, the stability conditions and the costability conditions were equivalent, and the proof of this equivalence can be easily generalized to the k-instanton cases, so we will again check only the costability conditions in this paper.
We want to check whether there exists a common eigenvector v in the costable condition [15] (zB 11 + wB 21 ) v = −xv, (3.40a)
where [x : y : z : w] are homogeneous coordinates of CP 3 . If the common eigenvector v exists, then the dimension of the quotient space (Ker β/ Im α) in the monad construction will not be a constant since the map α fail to be injective. In this case, the holomorphic vector bundle description on CP 3 break down and one is led to use sheaf to describe instanton on
We first use Eq.(3.40c) to obtain
On the other hand, Eq.(3.40a) and Eq.(3.40b) give
For simplicity, let's choose
The two characteristic equations corresponding to Eq.(3.42) and Eq.(3.43) become
which give the solutions It is important to note that for the case of SU(2) 3-instanton, a and b are both real numbers which are inconsistent with Eq.(3.55). So the corresponding SU(2) 3-instanton solutions are locally free. This is consistent with the known vector bundle description of
For the third case, we choose x = 0 and y = ±i √ a 2 − b 2 z. In this case Eq.(3.42) and Eq.(3.43) become reduces to Eq.(3.58). Again SU(2) instanton sheaf is not allowed for this case.
Note that in the above 3-instanton calculation, we have assumed w = 0 on CP 3 in Eq.(3.44). We expect that other choices of points on CP 3 will give more 3-instanton sheaf structure for some other ADHM data. We conclude the discussion of 3-instanton sheaves.
In the next section, we turn to discuss the 4-instanton sheaves.
IV. THE FOUR INSTANTON SHEAVES
As has been well known, there are no complete SU(2) 4-instanton explicit solutions in the literature. In [19] , a two parameter family of SU(2) 4-instanton ADHM data was constructed [ [19] .
19]
For our purpose here, we want to study whether the corresponding SL(2, C) ADHM 4-instanton data contain the structure of instanton sheaves or not. To do the calculation, we first extend the parameters a and b in Eq.(4.62) to complex numbers, and replace the quaternion calculation by biquaternion calculation with biconjugation operation [14] . One
We then calculate A 4E , the EMR of A 4 , and do the rearrangement rule to obtain A r 4E
[18] and finally identify the corresponding ADHM data (B lm , I m, J m ) to be 
On the other hand, in order to have nontrivial v solutions, Eq.(3.40a) and Eq.(3.40b) give the characteristic equations
68)
respectively. The solutions for x and y are
and
71)
We first choose x = x 1 = √ −a 2 − 2, then Eq.(3.40a) becomes
which gives two eigenvector solutions
Since we need to have a common eigenvector to insure the instanton sheaf structure, we impose the condition that the linear system 
which gives the common eigenvector 
or explicitly
The roots of these equations are
which again surprisingly contain common roots
We conclude that for the case of choosing
the ADHM data are J 1 and J 2 in Eq.(4.63) and
82)
There exists a common eigenvector of Eq.(3.40a), Eq.(3.40b) and Eq.(3.40c) on CP 3 , thus one is led to use sheaf description for this 4-instanton sheaves on CP 3 . Moreover, since a is not a real number, again SU(2) instanton sheaf is not allowed for this case.
This is consistent with the common wisdom.
Similarly, for the choice of
86)
and the common eigenvector is
The map α fails to be injective at the same point in Eq.(4.84) on CP 3 , and one ends up with another instanton sheaf case for these ADHM data.
For the second choice of y = y 2 = i (−4a
in Eq.(4.71), Eq.(3.40b) gives
which again contain common roots Finally, a moment of thought leads one to extend the above 4-instanton sheaf structure in Eq.(4.96) to more general ADHM data. We first note that for b = 0, Eq.(4.62) can be rewritten as We have checked that for the second choice of x = x 2 = − √ −a 2 − 2, there is no common eigenvector v for the system and thus no sheaf structure of the YM 4-instantons.
In the above long calculation of searching YM 4-instanton sheaves, we have assumed w = 0 on CP 3 in Eq.(4.66). We expect that other choices of points on CP 3 will give more 4-instanton sheaf structure for some other ADHM data.
V. CONCLUSION
In this paper, we first construct a class of SL(2, C) Yang-Mills ADHM 3-instanton data, and then demonstrate the existence of YM 3-instanton sheaves on CP 3 . We then use a class of two parameter ADHM symmetric 4-instanton data constructed in the literature [19] to demonstrate the existence of YM 4-instanton sheaves. The results we obtained in this paper extend the recent construction of Yang-Mills 2-instanton sheaves [18] to higher instanton sheaves. It is of interest to understand the relationship between YM symmetric instantons [19, 22, 23] on S 4 and YM instanton sheaves on CP 3 constructed in this paper.
Since it is a nontrivial task to explicitly construct non-diagonal [14] higher ADHM instanton data [23] , the explicit construction of the general higher k-instanton sheaves remains an open question. However, it is believed that this new YM instanton sheaf structure persists for arbitrary higher k-instanton, and is a common feature for non-compact SDYM theory which does not exist for the usual YM theory based on the compact Lie group.
